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Abstract

Over 20 physical definitions of the Sommerfeld or fine-structure constant α are derived using sine

functions plots of a few H atom-related parameters; the presence of the particle-wave duality in

most of the derived expressions is indicated. Five expressions for the electron charge to mass

ratio are also established. An approximation for the arithmetic value of the proton charge radius

is proposed. Also, several analytical expressions for the proton to electron mass ratio are

provided. An expression using proton parameters to calculate the exact 2018 CODATA

recommended value of Planck constant h is obtained. hc, h/c, h/qP/c and Compton wavelengths

equations having the quantum = classical configuration were established.
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Introduction.

The fundamental Sommerfeld or fine-structure constant, SC for short, has received a lot of well-

deserved denotations like mysterious, magic, divine and so on, [1]. Its main fundamental physical

interpretation is that it describes the interaction intensity of the electric and magnetic fields

created by the movement of charged particles and those inherent to photons. It is this involved

particle-wave nature of α which this writing is mainly intended to address.

The SC in terms of a0 and λ∞

Figure 1 a) shows the cycles in 2π rad for functions defined by sine(xλ∞/2P0) and sine(xλ∞/λ∞)

Figure 1. a) One cycle of the Rydberg wavelength, λ∞, given by sine(x) versus the cycles of 2 times the H

atom perimeter, 2P0, plotted as sine(xλ∞/2P0) whose inner cycle amplitude is reduced for clarity. b)

Circular representation of x1/x0.

where λ∞ (m) is the Rydberg wavelength unit, P0 (m) is the perimeter of the H atom and x (rad) is

the angular coordinate. a0 (m) stands for the Bohr radius. The x-coordinate value at the first cycle

of each function is indicated, namely x0 = 2π and x1 ~ 0.04585062, their quotient gives the cycle

ratio between the two functions. x1 digits were fine-tuned in a spreadsheet cell until a y1 function

amplitude lower than | (4 x 10-17) | was obtained.

The ratio of the two coordinates states
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Last value in (1), FSC_inverse, was met using data for a0 and λ∞ as internationally recommended by

the 2018 CODATA [2] Bohr r NIST and λ∞ = 1/R∞ - with R∞ (m-1) being the Rydberg constant R∞

NIST -. It provides
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where α is the fine-structure constant and its calculated value gives a 12-digit match to the

arithmetic value provided in [2] alpha definition; non-matching digits are underlined.

The α physical interpretation from (2), see Figure 1 b), corresponds to an angle given by the ratio

of two arc lengths, one associated to a particle and the other to a wave, and is calculated as

follows
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where the definition β = a0/λ∞ was introduced. This particle-wave duality α-interpretation is kept

in terms of an energy ratio by converting (3) as follows
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where h (J s) is Planck constant, c (cm s-1) is the speed of the electro-magnetic radiation in

vacuum and e (C) is the electron charge.

Figure 2. a) One cycle of 2P0, given by sine(xλ∞/2P0) versus one cycle of 2 times the Compton wavelength,

2λC,e, plotted as sine(xλ∞/2λC,e). b) Circular representation of x2/x1.
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The SC in terms of a0 and λC,e, in terms of v1 and c and four variations.

Figure 2 shows the first cycle for functions defined by sine(xλ∞/2P0) and sine(xλ∞/2λC,e) where

λC,e = h/mec (m) is the Compton wavelength for the electron rest mass me (kg). The x-coordinate

values for the first cycle of each function are indicated, namely, 2πα and x2, whose quotient gives

the cycle ratio between the two functions. Coordinate point (x2, y2) was determined similarly as

(x1, y1) above and the following ratio is established


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Also, the argument of the function sine(xλ∞/2λC,e) evaluated at x2, using the 2018 CODATA λC,e

value [2] Compton e NIST , gives

25-e,
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which provides
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(7), as done in (4), can be converted into the following energy ratio
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where Ee = mec2/e (eV) is the electron invariant mass energy equivalent.

(7) and (8) don’t show the particle-wave duality, however this feature is unveiled using (3) in (7)

to obtain, see plot at Figure 2b,
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This cycle ratio gives another two H atom related lengths ratio α physical interpretation but this

time with the particle-wave duality nature inverted in the quotient as compared to (3). Its

conversion into an energy ratio keeps this feature and is given as
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From (9), it follows that
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which gives α a two-speed ratio physical interpretation upon defining v1 = h/2πa0me (m s-1) which

corresponds to the orbital electron speed in the H atom ground state. This v1 expression is

inserted in the a0 definition in [2]Bohr r NIST along with the one originally used by Sommerfeld for

v1 which is as follows
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where �0 (F/m) is the vacuum dielectric permittivity and ke (m J C−2) is the Coulomb, or electric

force, constant.

Using (13) in (12) gives
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This expression also has embedded an α physical interpretation as the square of a ratio of two

charges given by
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where the Planck charge constant, qP (C), was introduced.

Also, (15) can be rearranged into
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which neatly gives the α ratio a particle-wave duality nature. Additionally, (16) can be written as
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Additionally, (15) and (12) provide
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where the classical expression for the speed of light in vacuum
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was used. μ0 (H/m or N/A2) stands for the vacuum permeability mag_constant.

The SC in terms of re and a0

Figure 3 plots the first cycle for functions defined by sine(xλ∞/2λC,e) and sine(xλ∞/2re) where re

(m) is the classical electron radius whose numeric value, [1] re NIST , was used to determine x3

previously to the figure. From the coordinate cycle ratio x2/x3 provided in Figure 3, the following

particle-wave duality physical interpretation for α is derived

Figure 3. One cycle for 2λC,e given by sine(xλ∞/2λC,e) versus one cycle for 2 times the electron classical

radius, 2re, plotted as sine(xλ∞/2re).
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where Pe (m) is the electron perimeter and Ee (eV) is the energy equivalent for the electron rest

mass.

The duality nature is kept after converting (19) into an energy ratio as follows
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Solving for λC,e in (9) and using it in (19) gives
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Replacing λC,e in (19) gives
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which also is a particle-wave duality ratio.

Replacing one α factor in (21) with (22) establishes
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This expression is used at the NIST web page to define a0Bohr r NIST. Solving (21) for re and

substituting in (19) gives upon rearranging
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which gives (23) also. The physical interpretation for the ratios in expressions (19) and (24) are

presented in Figure 4.
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Figure 4. Trigonometric representation of expressions (19), a), and (24), b).

The electron charge to mass ratio.

Solving for 2πre in (22), (19) can be transformed into
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so that the electron charge to mass ratio electron e/m, introducing a negative sign, is given by
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where μB = eh/4πme (JT-1) is the Bohr magneton for the electron Bohr_μ_e.

From (26) it follows that the first orbit electron speed can also be expressed as

)s(m   Ry2 1-B
1 


μv (27)

The proton charge radius

Figure 5 depicts the first cycle for functions sine(xλ∞/2λC,p) and sine(xλ∞/2rpc) where λC,p (m) is

the Compton wavelength for the proton (h/mpc) where mp (kg) is the proton rest mass and rpc (m)

is the proton charge radius. Their respective first cycle x-coordinate were determined in a

preliminary plot and using the numeric values given in [1] Compton for p and rp NIST. Although with this
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latter parameter a slight modification will be introduced shortly. μ represents the proton to

electron mass ratio µ NIST.

Using the currently accepted value for the proton radius, the first cycle of function sine(xλ∞/2rp)

provides
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Using the numeric value of α alpha definition and solving (28) for αrp, their ratio gives the following

result

2
prp 10611  684  097  0001/













.
r (29)

Figure 5. One cycle for 2 times the Compton wavelength for the proton, 2λC,p, given by sine(xλ∞/2λC,p)

versus one cycle for 2 times the proton charge radius, 2rpc, plotted as sine(xλ∞/2rpc).

where δ has the value

573  500  660  804  0.999 (30)

with which in (29) the following proton charge radius is suggested
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π
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This value is practically equal to the one proposed in [3]. An alternative derivation of the numeric

value in (31) is given in [4].
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(31) gives the following particle-wave ratio duality α expression
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whose numeric value gives a 13-digit match to the one recommended in alpha definition.

(32) equated to (21), provides another wave-particle duality relation given by
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where the definition ρ = re/rpc was made. Equating (33) to (21) and using λ∞ from (3) provides
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This can be tranformed into
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With (21), (35) becomes
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(35) can be modified as follows
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and similarly (36) gives
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h and μ in terms of the proton charge radius. λC,e and λC,p in classical terms.

From the cycle ratio given in Figure 5 and (32), another wave-particle expression follows as
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where the λC,p value is given in [5]Compton for p.

Dividing (39) by 4 gives, see Figure 6,
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whose convertion into energy provides another wave-particle duality relation given by
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(40) con be transformed into
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and additionally, multiplying by c/c, to
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Figure 6. Proton cross section schematics showing the trigonometric representation for (40) and vector

representation of (42).
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The numeric value of h from (42) is
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2

 -34
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which gives the Planck constant in terms of proton parameters and the speed of the EM radiation

in vacuum, expression which can also be interpreted as the proton spin related moment of

momentum limit. While for the electron spin-orbit related moment of momentum limit, (11) and

(21) give
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where rsu represents the relative standard uncertainty with respect to the h numeric value

provided in Planck_h. On regards to the proton to electron mass ratio expressions, (34) gives
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Also, (46) and (21) give µ the following comely expression for its ratio of masses in terms of all

H radii
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Using (21) and (3) in (48) and rearranging conduces to
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Finally, using c from (12) in (42) and rearranging conduces to
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while doing the same in (43) gives
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On the other side, from (44) and 45, the following quantum moment of energy = classical

moment of energy equalities for the Einstein product of wavelength, λph (m), and energy, Eph (J),

can be derived and are given by
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where (40) was used, and
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respectively. Note that the moment arm in this expression is given by a radius defined by the

geometrical mean of a0 and re, so, it represents a combined spin-orbit effect acting along a circle

with perimeter equal to the electron Compton wavelength.

(55) and (56), which are just a modification of (44) and (45), provide quantum moment of mass

equal to classical moment of mass expressions. Also, these two expressions give the following

quantum wave equal classical particle expressions for the Compton wavelengths
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respectively. The ratio of the above two parameters gives (47). While their product provides the

following magnificent barred h physical interpretation equation
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which, with an additional retouch gives
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Also, multiplying (60) by c and rearranging conduces to
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which is the geometrical mean of the moments of energy given in (52) and (53).

Now, using (15) in (60) produces the following quantum = classical moment of mass/charge

expression
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Plots of α expressions

Figure 7 gives the SC expressions for each of the H atom length parameters used in the above

derivations. Figure 8 shows all the parameter first cycle zero crossing for their sine functions;

shifting and/or axis reflextion was used for the sake of clarity.
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Figure 7. H atom length parameters expressed in terms of the Rydberg wavelength unit and

Sommerfeld constant.

Figure 8. All parameter one-cycle data for sine functions used in above derivations.

Conclusions

Five physical interpretations of the SC were directly established from basic trigonometric plots

and over 20 other expressions were subsequently derived. In most cases, a type of wave-particle

duality was present in the α ratio definition. Additionally, several expressions for the electron
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charge to mass ratio, e/me, were obtained. An expression for the currently accepted proton charge

radius was also derived from a trigonometric plot and a “correcting” factor was calculated based

on obtaining an rpc value with which a 13-digit match α calculation was produced. Subsequently,

a couple of analytical expression for the proton to electron mass ratio, μ, were derived. Finally, hc,

h/c and Compton wavelengths equations having the quantum = classical configuration were

established.
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